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Element Free Galerkin Method (EFG):

1. Developed by Belytschko (1994) based on DEM.

2. MLS approximation is used for the construction of the shape
function.

3. Galerkin weak form is employed to devel op the discretized
system equation.

4. Cadlls of the background mesh for integration are required to
carry out the integration required to calculate system matrices.

5. EFG isconforming due to:

1. Theuse of MLS shape functions that are consistent and
compatible.

2. The use of the constrained Galerkin approach to impose the
essential boundary condition.



EFG formulation:

Assume atypical solid mechanics problem,
L"c+b=0 onQ
< u=u on I

on=t on I

.

o = the stress tensor

v/ = the displacement vector
b= the body force vector

{ = the prescribed traction on the natural (stress) boundary.

U = the prescribed displacement on the essential (diisplacement )
boundary.

n=the vector of unit normal on the natural boundary.



EFG formulation:
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EFG Formulation:

 The MLS approximation is consistent and compatible; so the
Galerkin procedure can then be used to establish a set of
discretized system equations for the displacement parameters
(different from the actual displacement at nodes)

 The Galerkin weak form can be given by:

j S(Lu)" (CLU)dQ — j Su"bdQ - [ Su"Edr =0
Q ) L

e Usng €=Lu and 0=C¢

L&eTg dQ — jgaﬂbdgz 1 jﬂ&uTt—dF ~0



EFG Formulation:

e The constraned Galerkin weak form:

T T T§
jg S(Lu)" (CLu) dQ — jg(m bdQ — | &u"tdl
—j AT (U —U)dr—jauudr =0
T, T,
e Using €é=Lu and o=Ce¢
j ocT o dQ - j Su"bdQ — [ su™tdr
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EFG Formulation:

 TheMLS approximation is now used to express the
displacements at any point of interest x using nodes in the
support domain of the point x.

(R y h

("] (u

U =- F =< 0

\' Vv

q ) . J

(9= 6, (u

V(9= 6 (9



EFG Formulation:

o=l gfe ulSoy

@, = MLS shape function

@, = Matrix of shape functions



EFG Formulation:
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To calculate the strains:
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EFG Formulation:

« The Lagrange multiplier 4 isan unknown function of the
coordinates, which needs to be interpolated using the nodes
on the essential boundaries to obtain a discretized set of
system eguations:

A(X) = i N, (s)4, ,xeTl,

n, = Number of nodes used for this interpolation

S = Thearc-length along the essential boundary

,1| — The Lagrange multiplier at node | on the essential
boundary

NI (s) — A Lagrange interpolant used in conventional FEM



EFG Formulation:

 The Lagrange interpolant of order /7has the general form of:

Nr(g) - (5= S)(E=8) +(5-5,)(5~50) (5-5)
(8-S —8) (S — S (S — S (S — S))

« For afirst order Lagrange interpolant:

S —_
N, (S) = 2 Lagrange interpolant at point s=s,

N,(S) = Lagrange interpolant at point s=s,

* Inthiscase, the Lagrange multiplier at sisinterpolated using
two nodes that are located before and after s. For higher order
Interpolants, more nodes on the boundary have to be used.



EFG Formulation:

« Thevariation of Lagrange multiplier 04 can be obtained:

A(X) = i N, (s)4, ,xel

u

u

OA(X) = i N, (s)od, ,xel



EFG weak Formulation:

T T TF
jg S(Lu)" (CLu) dQ — jgaj b0 — | u"tdr
—j A (U —U)dr—jauudr =0
T, T,
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EFG weak Formulation:
W, W, -W, =W, -W, =0

W, = J.Q 5(Zn: B,u, )T (Czn: B,u, )de2

W, = 5(|§c1>|uI )" bdQ

W= 5(IZZ;CI>IUI )" Edl

t

W, = jru A" ((Izn;d>|u| ) —T)dl"

W, = jru 5(;‘@' u, )" Adr



EFG weak Formulation (IV/)):

W, = _‘;2 5(Zn: B,u, )T (Czn: B,u, )de2
W, = [ 5(3 uBN)(CY B,u,)de

The summation, variation and integration are linear exchangeable operators:

W, = Iz:;;é‘uf[ |, BICB,dQ]u,
N

W, = ZZ&UTKUU (n—n)

=1 J=1

K,, = | BICB,dQ



EFG weak Formulation( IV/)):
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EFG weak Formulation( W)):

-
W, = U KU
K11 K12 Klnt
K K .. K
K= * * - — Theglobal stiffness matrix
_Kml Kna Kntnt_(Zntxznt)
h o _
u2 »
U= . = The global displacement parameter vector
_unt_(2nt><1)




EFG weak Formulation( IV/)):

1 K,isa 2x2 noda stiffness matrix.

2. Theintegration isover the entire domain and all the nodes
can beinvolved (the summation limits have to be changed
to n).

3. Thenoda stiffness matrix K, ;contains the stiffness
coefficients between nodes / and Jevaluated at a point in the
problem domain. It is afunction of coordinates and needs to
be integrated over the entire problem domain.

4. K,;hasto be assembled to the global stiffness matrix K, as
long as the nodes / and Jare covered by the support domain
of at least one quadrature point. If nodes / and Jare far apart
and if they do not share the same support domain of any
quadrature point, K, ;vanishes and thus there is no need to
compute.



EFG weak Formulation( IV/)):

5. Aslong as the support domain is compact and does not
cover too wide a problem domain, many K, ,;will be zero,
and K will be sparse.

6. If the nodes are properly numbered, K will also be banded.
/. Kissymmetric (because of symmetry of O

KT = jQ[BITCBJ 1" dQ =jQ[B}cT B ]dQ :_[Q[BJTCB, 1dQ =K,



EFG weak Formulation (IV)):

W, = 5(|§c1>|uI )" bdQ

W, = Izn;(mf |, ®@7bdC

L

szz |Tf| (Nn—n)

| =1
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EFG weak Formulation( W,):

 Theinformation isover the entire domain and all the nodes can
beinvolved (the summation limits have to be changed to 7).

4
W, => 8 f =du f+duy f,+--+d, f,
| =1

W, =UTF
_ fl _
fz
F=| . = the global force vector
— fnt -(2n;)




EFG weak Formulation ( I1):

W, = jﬂ 5(§®,u, )" Edl

W, =Z&J|Tf| (nanrt)

e
f, = Ir ® tdl" = the nodal force vector



EFG weak Formulation( I1/):

nrt

W= du f =dy f,+du; f,+---+du, f,
| =1

t

W =8J'F

F= the global force vector
1. contribution from the external body force

2. contribution from the external force applied on the
natural boundaries.



EFG weak Formulation (W, ):

W, = jr A" ((Zn:cplul)ﬂ)dr
W, =] 5(& N, A, )Tzn:q>Jqur—jF 5(& N, A )T adr

W, ZZ&M NJ @ ,dlu, —Zaﬂ NJ Tdr

=1 J=1
Gl =—jru NTd dl

q = —Lu N/ Gdl"



EFG weak Formulation (W, ):

_ —ZZ&TGLU + Z&qu

=1 J=1

=-A'G'U+'g

1. M isthetotal number of nodes on the essential boundary.

2. G, Isaz2xZmalrix.

3 Gisagloba (2n,X2n,) matrix formed by assembling its
nodal matrix G, ;.

4. g (2n,) Isassembled using its nodal vector g,.



EFG weak Formulation (W, ):
W, = [ 8 ®,u) Adr
n | =1
W/iz = _‘; 5(Zq)| U, )T (Z N4, )Tdr
J=1

W, = ZZ&u j @7 N,dl A,

=1 J=1

G, =— jru ®'N,dl



EFG weak Formulation (W, ):

W, = —ZZ&JTGM

=1 J=1

W, =-8UTGA



EFG weak Formulation:
W, W, -W, =W, -W, =0

W, = _“Q §(Zn: B,u, )T (Czn: B,u, )de2

W, = 5(|§c1>|uI )" bdQ

W= 5(IZZ;CI>IUI )" Edl

t

W, = jru A" ((Zn;cpluI ) —T)dl"

W, = jru 5(;‘@' u, )" Adr



EFG weak Formulation:
W, W, -W, =W, -W, =0

W, = 8U KU

W, =UTF

W =0'F

W, =-0A G'U +d4'q

W, =-8UTGA



EFG weak Formulation:
W, W, -W, =W, -W, =0

SUTKU -UTF -8 (G'U-q)-"GA=0
SUT[KU +GA-F]+81|G'U —q|=0

For arbitrary variationsof U, oA

KU+GA-F =0

<
G'U-q=0




EFG weak Formulation:
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EFG weak Formulation:

1.

It is evident that there is a need to integrate over the problem
domain and the curve integrations for both natural and
essential boundaries.

These integrations have to be carried out vianumerical
guadrature technigues. The Gauss quadrature scheme isthe
most often used.

In using the numerical quadrature scheme, a mesh of cells;
called a background mesh is required for the integration.




EFG weak Formulation:

4. The solution efficiency of the enlarged system can be
drastically reduced, because:

e K can bemuch larger than the FE stiffness matrix.
e Presenceof G.
 The matrix of the enlarged system is:

1. Symmetrric

2. Not positive definite.
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EFG background integration:

For 2D stress analysis:

1.

The minimum number of integration points must be greater than
two thirds of the total number of the unfixed field nodes.

1. Thisisonly the minimum requirement to ensure a non-
singular system matrix.

2. |t does not guarantee the accuracy of the solution.

The necessary ratio of the integration pointsto the field nodesis
estimated to be around 3 to 9.

The displacement field can be obtained rather accurately with a
course background mesh of integration cells.

A fine background mesh, however, is necessary for computing
the stressfield.



EFG background integration:

 excluded cell

~ cell enclosed entirely
~inthe problem domain

by the problem domain



EFG Flowchart:

1. Geometry generation.
2. Node and background mesh generation.
3. For dl the cellsin the background mesh.
a) For all the quadrature points x,in acell.

I. Search inthe current cell and its surrounding cells of
Integration for all the nodes that fall in the support
domain of x,,

Il. MLS shape function creation based on selected nodes.
1li. Calculate nodal matrices.
IvV. Assemble the nodal matrix into the global matrix.

b) ENDDO



EFG Flowchart:(cont.)

4. EDNDO

5. Solvethe system equation for nodal parameters of
displacements.

6. Calculate displacements and the derivativesusing ML S shape
function.

7. Cadculate strain and stress.



EFG with Penalty Method.:

Thisis an alternative EFG method which uses the penalty
method for the imposition of boundary conditions.

1. The method produces equations of the same dimension as
the conventional FEM for the same number of nodes.

2. The modified stiffness matrix is still positive definite.
3. The modified stiffness matrix is banded.

4. The treatment of boundary conditionsisassimpleasitis
In conventional FEM.

EFG with penalty method is applicable in handling problems
of composite materials, where the continuity conditions
between different types of materials need to be enforced.



EFG with Penalty Method.:

 The method uses a penalty factor to penalize the difference
between the displacement of ML S approximation and the
prescribed displacement on the essential boundary.

* The constrained Galerkin weak form using the penalty
method can be written as:

T T TF
L&(Lu) C(Lu) dQ - anu bd©2 — [ u"Edl

—djru%(u—U)Ta(u—U)dF:O



EFG with Penalty Method.:

_ 1 _ _
j@&(Lu)TC(Lu) dQ - deJdeQ— Fté‘uTtdF—é'fFuE(u—u)Ta(u—u)dF:O

O a, ... O
az[al oy ... 0(k]= : = :
0 0 ... o]

k 1sthe dimension of the problem (2 for 2D and 3 for 3D)

o 1sadiagona matrix of penalty factors.
 The penalty factors ¢, can be afunction of coordinates.
e They can be different from node to node.

* Inpractice, an identical large positive constant number is
used for all nodes.



EFG with Penalty Method.:

[K+K*U=F+F"

F ZQ f f, = | ®/bdQ+ jrt @/ td
K = ﬁKU K,, =] BICB,dQ
l|,J=1
Eo — ﬁ fla fla = -[Fu (I)-II-O( udl’
| =1
K& = ﬁKg K =] ®lad,dr



EFG with Penalty Method.:

1. Theintegrations are performed along the essential
boundary.

2. Thematrix K“ will have entries only for the nodes near
the essential boundaries T, , which are covered by the
support domains of all the quadrature pointson r;, .



EFG with Penalty Method.:

Advantages:

1. Thedimension of the system matrix is preserved.

2. The system matrix is positive definite, aslong as the
penalty factors are positive.

3. The system matrix is symmetric.
4. The bandness of the system matrix is preserved.

5. The method is 2-10 times faster than the Lagrange method
(for ssimple small 2D problems).



EFG with Penalty Method.:

Disadvantages:

1.

It is necessary to choose penalty factors to be universally
applicable for all kinds of problems.

Too large penalty factors often result in numerical
problems.

Theresults are in general |ess accurate in comparison to the
results obtained with Lagrange multipliers.

Essential boundary conditions are only approximately
Imposed.



EFG-Penalty for Material Discontinuity Conditions.

The domain of a problem can be composed of subdomains of
different materials.

No specia treatment isrequired in FEM.
Special treatments are required in meshless EFG method.
1. Cordes/Moran (1996)
A special boundary condition using Lagrange multipliers
2. Krongauz/Belytschko (1998)

Adding special shape functions that contain discontinuities
In derivatives

3. Liu/Yang (1999)

Penalty method to enforce special boundary conditions.



EFG-Penalty for Material Discontinuity Conditions.




EFG-Penalty for Material Discontinuity Conditions.

1. For an inhomogeneous body, which consists of two
homogeneous bodies, an interface is defined by a set of nodes

that belong to both materials.

2. A non-penetration (impenetrability) rule isimposed for the
Influence domains of the nodes:

Points contained in material 1 can only be influenced by
the nodes in material 1 plus the interface nodes. (and
similarly for pointsin material 2)

This rule confines the influence domain of a node within
the subdomain of the material of the node.



EFG-Penalty for Material Discontinuity Conditions.

e [or the homogeneous case:
« Point ais contained in the influence domains of 4and 5.
e Point biscontained in the influence domains of 3and 5.
e Point ciscontained inthe influence domainsof Zand 2
e For the inhomogeneous case:
e Point aiscontained in the influence domains of 4and 5.
e Point hiscontained in the influence domains of 3and 5.

e Point ciscontained inthe influence domains of Z.



EFG-Penalty for Material Discontinuity Conditions.

e The connection of the subdomainsis achieved by enforcing
conditions of continuity on the interface of the two material T, :

+

-
-

U+ , u Correspond to the displacement in the two materials on
theinterface of Q "and Q -, respectively.



EFG-Penalty for Material Discontinuity Conditions.

The constrained Galerkin weak form using the penalty method:

j@ S(Lu)" C(Lu) dQ - L&udeQ - jréuTt_dF
~5 jru%(u ~0) a(u-T)dr
—5IFS%(U+ -0") U -u)dr=0

£ isadiagonal matrix of penalty factors that have the same
formof ¢« , but with different values.



EFG-Penalty for Material Discontinuity Conditions.

e Theapproximatevaluesof ™" and U™" are expressed using
ML S approximations:

00 = Y (0u;
00 =Y, (0,

®| isthe matrix of shape functions using the nodes that have influence on xin Q"

® | isthe matrix of shape functions using the nodes that have influence on xin €2~

n .N are the number of nodes that have influence on xin Q" and Q.



EFG-Penalty for Material Discontinuity Conditions.

 Thefinal set of discretized system of equations can be written as;
[K+K*+K’lU=F+F“

1,J=1
b _ + -1T + -
KI =] [® -@]]" f[®] -®;]dT
« K’ isthe stiffness matrix for connecting the two different materials.

e Theintegration for K” is performed along the interfaces of materials.

o K# will have entries for the nodes near (and not only on) the
Interfaces, which have influence on the quadrature points on the
Interface of different materials.



1 5S4 =00

1 E sl
2ATTes0l)
BRI TLi 1 E]
1 B0
| e =0
(TP ) o]
B TR 00
PEEa
1 BOGED0
SN
e ) 2 (5 1
] 3 e
2 B 1em) 2 S
S 1 &vEme )
T ) 2 S
A A7ERm
AT L.
£ B o) sk
T . e ¥ IV o
B BT 00 3o
=, 5L

BEUCE SR i)




Lid

v=1

I_ - —
4 3
=1 ]
I

A






